Modeling Waves in Shallow (and Deep)
Water
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Stokes Wave Nonlinearity




Nonlinear Interactions for Directional
Stokes Waves
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Kadomtsev and Petviashvili (KP) equation

2
nx,y,t)= 28—2111 O(x,y,1)
ox

_%m.BmHm-kx+im-ly—im-0)f+m'¢
e
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Modulational Instability




DAVEY-STEWARTSON EQUATIONS

o+ A oy + Wy + 2| W[F W =y, YDy

Oyy + Dyy = —ﬁ(\‘}"z)x

coshk(z+ h)
cosh kh




Instabilities in Deep Water Wave Trains

Deep water wave trains have two kinds of waves (at leading order):

(1) Stokes waves - quasi linear wave trains described by a spectrum.
(2) Unstable wave packets governed by Benjamin-Fier instability.

Threshold - Only Stokes waves occur below the BF instability
threshold. When the waves get big enough, rapidly enough unstable
packets begin to form. The extreme case is called a rogue sea.
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Nonlinear Fourier Analysis:
The

(1) Physics of nonlinear waves as a nonlinear Fourier decomposition
of nonlinear wave trains in terms of nonlinear Fourier components,
Including sine waves, Stokes waves, solitons, holes, unstable

(rogue) Modes, shock waves, tabletop solitons, vortices, etc.
(2) IST gives us approaches for analyzing directional data to obtain
the nonlinear Fourier spectrum
(3) Hyperfast numerical methods based upon IST are three orders of
magnitude faster than FFT approaches.
(4) Pertectly parallel algorithms give us many more orders of
magnitude speed up un computers with thousands of processors.




Deterministic Waves:
How Linear Fourier Analysis Works

Given a linear wave equation (shallow water):

o =O‘ c,=Algh B=c h’/6

u, +c u, + Pu

Fourier Transform: () = ZL J‘ u(x, t)e_ikx dx
T

(e o)

Time dependence of Fourier components

w, (1)=u, (0)e "

Dispersion Relation |® = (k) =c k — ,Bk3

Cauchy Problem: oo |
l/t(x,l‘) — 2 un (O)el(knx—wnt)

n=—oo




Solving Linear PDEs with the

Fourier Transform Dispersion
Relation

Inputs: T, N,, At=T /N,
Fourier Spectrum: O = O ks 1)

Ay Omn> ks In> Oy - —NySm<Ny —Ny <n SNy

Preprocessor

Time varying
Fourier Coefficients

N ) = Nk oLy o1) = Apye” Com!T0m: —N <m <Ny —

Solution of Linear PDE

N2 N2 FFT Solution

X,y,1)= ¢ eikmx+ilny ]
N y.1) ngv‘ /an_ZN‘ /znm”( ) of Linear PDE




Kadomtsev and Petviashvili (KP) equation




Kadomtsev and Petviashvili (KP) equation

2
nx,y,t)= 28—2111 0(x,y,t)
ox

T T T e
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Hyperfast Algorithm for the
Kadomtsev-Petviashvili Equation

\

Inputs:
Total time 7, Limit theta M
Riemann Spectrum:
B> On. Ko Ay, @5 myn=12..N

j=—J; J=leM+D)N -11/2]

Preprocessor

N .
K_] = 2 m,J1K‘n
n=1

Ij=Ki(L,/2m)  Jj=A;(L,/2m)

\
. ) j=j+1
Compute the Fourier Coefficients

of the Theta Function by (32.39) v 0<t<T; t=t,=nAt; At=T/N,

—iQ ;t+i® ;
6, (1) = Y gje "I 0<1<T; ~N, /2<m <N, /2 =Ny /2<m<N, /2
{iez: 1;=m, 1;=n}

Solution to KP

0<t<T; t=t,=nAt; At=T /N,
N, /2 Ny/2

0.yt 1B.O)= Y D 6,0 " |EFT to compute Thetas

m==N,/2n=—N, /2

A J

Solution of KP

MG 3.0) = 5 D OG0




Partial Theta Summations

_%m.Bm+im.kx+im-ly—im-0)f +me0
e

Exponential (2M + I)N ~10"N




Theorem:

0, ()=

|

y On = 2

meZ: L, (m-K)/2n=m}
meZ: L, (m-l)/277:=n}

——me Bm+ime¢

L

2T

—mk=mn; n=[1,2,3..N]; k=[k.ky..ky]:

6, (1)=0, (0) @m!







Summing Over the n-Sphere

O(x,t | B,p)=

circle (2D)

m12 + m% + m% = R® sphere (3D)

2 2 2 2 RZ

mi +m5 +m3 +..+my = n-sphere (nD)

1NN

——> > m,m,B,, lZme lZma)tHZm
m=1n=1
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Summing Thetas Over the N-Ellipsoid

n—1n-—1

M, +2 Zm By +2Ing, =0







Nonlinear Transformation

n(x t)—2 o In@(x,y,t); A=0o/6p
9y9 Aaxz 9y9 ’

O(x,y,t)=exp % _” n(x,y,t)dx'dx”

The theta function has a much more narrow spectrum than
the surface elevation!










Solving Nonlinear PDEs With
The Multi-dimensional Fourier
Transform

A 4

Inputs: T . The linear Fourier modes are
defined by:

ks Lys Aps Oopns O, M, n=12..N

v

Convert the Fourier modes to new inputs to the multi-
dimensional Fourier series:
ks Lys@pns Opns @one - M, n=1,2..N

Riemann Matrix: B,,,

Nonlinear
Dispersion
Relation

N
Oy = Oy (ki)

Compute the Multi-dimensional
Fourier Series and Collapse them
onto the Ordinary Linear Fourier

Modes with Time Dependence:

F,,(t)= F(k,,l,,t)
G,n(t)=G(k,,,1,,1)

v

t=t+At

Solution of the Nonlinear Wave Equation

N=1 N/2

F(x,y,t)= 2 z an(t)elkmx+llny—lwmnt+z¢mn e |

m=—N/2n=-N/2
N=1 N/2

G(x,y,1) = 2 2 Gmn(t)eikmx+il,,y—ia)m,,t+i¢m,,
m=—N/2n=-N/2

TIME

EVOLUTION
MODULE

G(x,y,t)
F(x,y,t)

2
nix,y,t)= zax ln(

)




